ABSTRACT: Animals bred in pastoral systems are often part of multiple-sire groups, introducing Uncertainty into pedigrees. Genetic evaluation Of sires and dams in such instances is complicated by the uncertainty of parenthood. This article defines a simple and rapid algorithm to compute the inverse of a numerator relationship matrix under uncertain parenthood. The algorithm can accommodate inbreeding and uncertainty of parenthood on both paternal and maternal sides of the pedigree.
Introduction
Multiple-sire groups are a common occurrence in pastoral mating systems. Usually established by choice, multiple-sire groups are also the result of fences in disrepair and gates left ajar. Whether by choice or accident, the exact identity of a sire is not always assured. Although less common than that of sires, the exact identity of dams can also be in dispute. Poivey and Elsen (1984) and Foulley et al. (1987) were among the first to address the evaluation of sires with uncertain paternity. Their approach was to replace elements of design matrices in sire models with probabilities of paternity for use in the mixed-model equations.
Henderson (1988) tackled the same problem by deriving an "average numerator relationship matrix" under uncertain paternity, along with its inverse. Unfortunately, the algorithm for obtaining this inverse is cumbersome and not computation ally efficient. This stands in contrast to the simple and rapid strategy for computing the inverse of the numerator relationship matrix (NRM) with parental certainty (Henderson, 1976;  Quaas, 1976) .
The objective of this article is to present a strategy for rapidly computing the inverse of a NRM under parental uncertainty. The method, to J. Anim. Sci. 1992. 70:1045-1048 be simple in application, will be analogous to that of the usual case in which parents are known with certainty. Moreover, the algorithm is general enough to permit uncertainty on both paternal and maternal sides of the pedigree. The algorithm also allows for the possibility of inbreeding and offers insight into the genetic evaluation of sires with uncertain paternity.
The Inverse of a Numerator

Relationship Matrix
Computing the inverse of a numerator relation ship matrix in populations with uncertain paternity was first established by Henderson (1988). However, in light of the objective of this report, I introduce a derivation and notation different from that which Henderson (1988) used. Somewhat more descriptive, this notation was first used, to my knowledge, by Quaas (1975) . Consider a population of n animals sorted by age, numbered consecutively, and with vector of breeding values, a. Because the breeding values of individuals in Generation f are a function of the breeding values of individuals in Generations 0 (the base) through f -1, a simple recurrence relationship can be derived as follows:
The term P is a lower triangular matrix of order n, which identifies the parents of each individual in the population. The diagonals of P are null. The FAMULA parents, if they are known with certainty, of individual i are identified by a 1 in row i of P in the column corresponding to the parental number. With uncertainty, 1s are replaced by probabilities of parenthood that total to 1 within each sex of parent. Individuals with unidentified and unknown parents are represented by a null row of P. The vector h is a vector of independent residuals, more commonly referred to as terms of Mendelian sampling.
With a little algebra, one can collect those terms in a of 111 and derive the variance of a (the numerator relationship matrix) as follows:
where D = v a r 0 is a diagonal matrix with elements dependent on knowledge of the parents and their certainty (or lack thereofl. In Henderson's (1988) notation A = LL', where the matrix L can easily be defined from the elements of 121.
From [21 the inverse of A is easily derived as follows:
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Computing A-' element by element, as first proposed in Henderson (19761, requires "tracking" the elements of P in their products with the elements of D-l. This must be done while realizing that the elements of P now contain probabilities rather than just 1s and Os. The algorithm presented by Henderson (1988) essentially stops at Equation [31 without deriving A-' element by element. My objective here is to provide such a simple and rapidly computable algorithm. Moreover, one must establish the value of the elements of D-' under parental uncertainty and be able to compute them for each individual in the population.
A-1 for Noninbred Populations
Herein I outline the rules for computing A-l in a noninbred population. In addition one must assume that potential parents are unrelated to one another. This includes more than a prohibition against inbreeding. Rather, relationships among uncertain parents of the same sex must also be null. Although a bit more cumbersome, the rules are nearly as simple to follow as those for parental certainty (Henderson, 1976) . However, unlike Henderson's (1976) simple rules, the diagonal elements of D-l can take on more than three possible values. This is the result of incorporating parental uncertainty into the structure of P.
Begin by sorting all n animals by age and numbering them consecutively from 1, ..., n, with completely unidentified parents denoted by a zero. Accordingly, A-I can be computed by a search through the list of n individuals and adding the following quantities to A-I, which has been preset to null. add .25 diPjPr to the (sj, S i r ) elements for j = 1 , . . . , b a n d j ' = 1 , . . . , b.
iiil If neither parent is known for the ith individual then add 1 to the (i, i) element.
Note that if either one or both parents is known with certainty the probability can be replaced with 1 and computations followed accordingly. As expected, if all parents are known with complete certainty and there is no inbreeding, the rules just outlined agree identically with those of Henderson (1976). Keep in mind that these simple rules apply only if there has been no potential inbreeding and the relationships among uncertain parents of the same sex are zero. Violation of these simplifying assumption affects the computation of the elements di. For those populations with potential inbreeding or relationship among potential parents of the same sex, the elements of D-' must be computed with the algorithm of the following section.
Computing the Elements of D-I for Inbred Populations
For populations in which inbreeding occurs, or the possibility of inbreeding exists, the elements of D-l are more difficult to compute than those just described for noninbred populations. This is also true if the relationships among uncertain parents of the same sex are different from zero. Henderson (1988) described the derivation of these elements in his L matrix but did not provide an efficient or rapid means of computing them. The algorithm presented here is an extension of that derived by Quaas (19761 for populations with parental certainty. However, where the Quaas (1976) algorithm required two n x 1 storage vectors, a third must be added to a n algorithm permitting uncertainty in pedigrees.
As before, it is assumed that the animals are sorted by age and numbered consecutively from 1, ... , n, with unidentified parents identified by a zero. As in the paper by Quaas (19761, let u be an n x 1 vector to store the sum of squared elements for each row of Henderson's (1988) L matrix. At the completion of the process, u will contain the diagonal elements of the NRM A Le., 1 + Fi, the inbreeding coefficient of the ith animal). Let v be an n x 1 vector to store the diagonal elements of Henderson's (1988) L, which are the square root of the elements of D. The term v is also used to temporarily store other off-diagonal elements of L.
Let w be a n n x 1 vector to store the sum of products of sire and dam probabilities for all n animals. At the outset, all three vectors begin as null.
Step 1: Begin computations with animal i = 1;
Step 2: If both parents of i are completely unknown: vi = 1, and add 1 to Ui, otherwise, vi = (1 -ui + .5 wiP, and add v: to ui;
Step 3: Begin a loop of computations for 1 = i + 1, ... , n;
For animal 1 with b potential first parents, SI, ..., Sb at probabilities pl, ... , Pb and c potential second parents ml, ... , m, at probabilities rl, ... , r,: for those S i 2 i compute ts = Z vSj pj for j = 1, ... , b, for those mk 2 i compute td = I: vmkrk for k = 1, ... , c, add .25(ts + tdI2 to u1 add (t, X td) to W1 v1 = .5(ts + td);
Step 4: Increment i by 1 and return to Step 2 and stop when i > n.
Note that the sums t, and td collected in Step 3 are obtained from elements of v corresponding to the parents of the animal under consideration (i.e., animal I ) , which are numbered higher than the current row of D (and L) being computed (Le., row i). Naturally, if any of these parents is known with certainty, a probability of 1 is used and all others are set to zero. Similarly, unknown parents of the outlined above need only be modified by this alternative computation for di.
td.
Discussion
The intent of this paper is to present a simple and rapid means of computing the inverse of the NRM under parental uncertainty. As Henderson (1988) points out, the goal of breeding schemes should be single-sire mating groups. Yet, when this goal is not attainable, evaluating sires incorporating uncertainty should be preferred to eliminating useful, though imperfect, information.
In those settings in which single-sire matings are not possible, the methods presented here permit a simple means of evaluating all individuals under an animal model. Alternatively, one could turn to the sire model of Foulley et al. (1987) for evaluating sires in multiple-sire groupings. However, sire models are decidedly less flexible, particularly for pastoral systems, which often experience both multiple-sire groups and the potential of maternal effects. Incorporating maternal effects into an animal model is relatively straightforward. Moreover, the Foulley et al. (1987) procedure, including the updated algorithm of Foulley et al. (19901, is not equivalent to the correct animal model and thus requires some modification.
As we have seen in deriving the inverse of the NRM with parental uncertainty, the variances attributable to Mendelian sampling are dependent on the probabilities of parentage. This is true even in populations without inbreeding. The models of Foulley et al. (1987) fail to account for this result in the structure of their residual covariance matrix.
FAMULA
Their sire model makes the assumption that 75% of the genetic variance is uniformly contained in the residual. Although this is true when sires are known with certainty, the introduction of uncertain paternity will increase the fraction of the additive genetic variance in the residual variance. In addition, because their strategy includes an updating of the parental probabilities in a Bayesian framework, the coefficients of the residual covariance matrix must also change with each update.
In this paper I do not consider the updating of parental probabilities. An algorithm can be fashioned, similar to that derived by Foulley et al. (1987) . However, as their example illustrates, if only a small percentage of animals can not be pedigreed with certainty, estimates of genetic value using the prior probabilities of parenthood are only slightly changed upon iteration of parental probabilities. The additional effort of iteration may not be necessary in such cases. The objective of this report has been to simplify and generalize on Henderson's (1988) original work. However, the application of this technology to genuine sets of field-collected data, though simplified, may not be widespread. As our understanding of the molecular genetics of livestock expands, identifying sires in multiple-sire groups may be possible through a variety of other techniques (Kennedy et al., 1990) . Adapting to the problem of parental uncertainty with new statistical techniques may never be as satisfying as determining the true identity of the parents with other analytic procedures.
Irnplicat ions
The purpose of this paper is to provide a simple and rapid algorithm to aid in the genetic evaluation of individuals with uncertain parentage. Applying these methods to the analysis of fieldcollected data is thus a more reasonable possibility. Realistically, however, it is unlikely that this technique will ever prove widely valuable. The methodology considered here is compensation for our current state of ignorance in sire identification, the need for which may likely vanish with passing time.
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